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Structure and dynamics in a monolayer of dipolar spheres
Peter D. Duncan and Philip J. Campa)
School of Chemistry, University of Edinburgh, West Mains Road, Edinburgh EH9 3JJ, United Kingdom
~Received 28 May 2004; accepted 14 September 2004!
The structure and dynamics in a monolayer of dipolar soft spheres have been investigated using
molecular dynamics simulations. This is a basic model of colloidal ferrofluid monolayers, and other
magnetic liquids in planar geometries, which can exhibit self-assembled chainlike aggregates due to
strong dipole-dipole interactions. The effects of such chaining on the structure, single-particle
translational and rotational motions, and the collective rotational motions are examined. The
signatures of aggregation in the various structural and dynamical functions considered in this study
could prove useful in experimental investigations of strongly dipolar materials. © 2004 American
Institute of Physics. @DOI: 10.1063/1.1812744#
I. INTRODUCTION
The structure and phase behavior of strongly interacting
dipolar fluids continues to attract attention from workers
in various disciplines.1 The most familiar examples of dipo-
lar fluids are colloidal ferrofluids, consisting of roughly
spherical ferromagnetic particles with diameters in the range
10 nm–1 mm dispersed in a simple solvent. The particles are
usually coated with a thin layer of nonmagnetic inert mate-
rial which prevents irreversible aggregation. The net interac-
tions between the particles are mainly dipolar in nature, with
the coatings providing only relatively weak short-range dis-
persion interactions.
These materials are of significant technological utility,
because the rheological properties can be ‘‘switched’’ with
applied magnetic fields. From a fundamental point of view,
however, such materials are of interest because of the struc-
tural and dynamical complexity at the ‘‘molecular’’ level.
One of the most striking structural characteristics of colloidal
ferrofluids ~even in the absence of applied magnetic fields! is
the self-assembly of particles to form chains, arising from the
‘‘nose-to-tail’’ configuration favored by the dipolar forces.
The earliest experimental evidence of clustering in colloidal
ferrofluids was obtained from thin films using electron mi-
croscopy almost 40 years ago.2 The experimental study of
colloidal ferrofluids has recently been rejuvenated through
the use of improved synthetic methods and high-resolution
transmission electron microscopy.3–5 The structural similari-
ties between colloidal ferrofluids and a diverse range of ma-
terials, such as living polymers, micelles and microemul-
sions, and biological actin gels,6 have recently stimulated
significant new theories of defect formation and phase
behavior.7,8
The nature of clustering in strongly dipolar bulk fluids
has been studied at great length, both theoretically9–13 and by
computer simulation;14–16 for a comprehensive review, see
Ref. 1. In these studies, the dipolar particles are modeled as
either hard or soft spheres carrying a central point dipole.
The pair potential is given by
u~r !5usr~r !1
m1"m2
r3
2
3~m1"r!~m2"r!
r5
, ~1!
where usr(r) is a short-range isotropic repulsive potential,
and the remaining terms represent the dipole-dipole interac-
tion in which mi is the dipole on particle i , r is the interpar-
ticle separation vector, and r5uru.
One observation which will be relevant to the present
work is that the static structure factor S(q) of strongly dipo-
lar three-dimensional fluids exhibits a characteristic 1/q
power-law scaling at low wave vectors.16 This scaling arises
from the presence of chainlike clusters with persistence
lengths of the order of 10 sphere diameters. In principle,
S(q) is accessible to scattering experiments, and hence the
1/q scaling provides one experimental fingerprint of chain
formation. With regard to the phase behavior of bulk dipolar
fluids, we note in passing that the existence of a bulk fluid-
fluid phase separation driven entirely by dipolar interactions
is still an open question.7,17,18
Calculations on two-dimensional dipolar systems are
more directly relevant to common experimental situations
than are those on bulk systems, because the structural char-
acterization of highly aggregated ferrofluids in experiments
is largely carried out on thin films or on monolayers.3–5
Monolayers of dipolar particles under more complex
conditions—such as in static19 or alternating applied
fields20,21—look set to provide new avenues for research.
The current technological interest in thin-film devices and
functional materials supplies an additional motivation.
Recently, Weis and co-workers have used computer
simulations and theory to survey and examine a large variety
of structures formed by two-dimensional monolayers of
strongly interacting dipolar spheres.22–26 In Ref. 22 the di-
pole orientations are confined to a two-dimensional plane,
whereas in Refs. 23–26 the dipoles are free to rotate in three
dimensions. Not surprisingly, chain formation occurs in these
quasi-two-dimensional systems, although it seems to persist
over a higher concentration range than in three dimensions.
This can be rationalized on the basis of an increased entropic
penalty associated with clustering in higher dimensions. A
diverse range of structures arises from the way in which thea!Electronic mail: philip.camp@ed.ac.uk
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chains ‘‘fold-up;’’ for instance, at high densities where the
spheres are almost close packed, vortical orientational order
appears. The characterization of chainlike clusters at low
densities has been achieved by adapting equilibrium theories
developed for bulk dipolar fluids.24,25 In none of the studies
cited above has there been any evidence of a fluid-fluid
phase separation.
The discussion so far has been focused on the micro-
structural and thermodynamic properties of strongly dipolar
fluids. Although the bulk hydrodynamic properties of mag-
netic fluids are well known,27 the microscopic dynamics of
strongly interacting dipolar particles appears to represent a
rich area for further study. Wen et al. have carried out an
interesting study of the aggregation kinetics of quasi-two-
dimensional dipolar fluids28 by conducting experiments with
nickel-plated glass beads, and carrying out molecular dy-
namics ~MD! computer simulations. They showed that the
formation of chainlike clusters consisted of rapid association
of small numbers of particles to form short chains, followed
by the slow aggregation of these chains to form larger
chains, and rings. This suggests that there will likely be at
least two characteristic time scales present in the equilibrium
dynamics, one representative of single-particle motion, and
the other due to the collective motions of particles within a
chain. This scenario has been demonstrated in MD and
Brownian dynamics simulations of highly aggregated three-
dimensional dipolar soft spheres.29 The dielectric ~or mag-
netic susceptibility! spectrum was seen to exhibit a high-
frequency feature arising from the oscillations of single-
dipole orientations within the chains, and a low-frequency
feature arising from the relaxation of large aggregates.
In this work we examine the structure and dynamics of a
model quasi-two-dimensional dipolar fluid using MD simu-
lations. We consider a fluid comprising N dipolar soft
spheres with mass m and moment of inertia I , confined to a
two-dimensional square plane of area A5L3L . The inter-
particle potential is given by Eq. ~1! with the short-range part
given by
usr~r !54eS sr D
12
, ~2!
where e is an energy parameter and s is the sphere ‘‘diam-
eter.’’ It is emphasized that the dipoles are three-dimensional,
and that they interact via the appropriate three-dimensional
potential in Eq. ~1!. We employ reduced units for various
molecular, thermodynamic, and dynamical quantities, de-
fined as follows: density r*5Ns2/A; temperature T*
5kBT/e , where kB is Boltzmann’s constant; dipole moment
m*5Am2/es3; moment of inertia I*5I/ms2; and time t*
5tAe/ms2.
We confirm that at high dipole moments, the low-q be-
havior of S(q) conforms to the same scaling law observed in
three-dimensional dipolar fluids.16 We investigate the trans-
lational and orientational dynamics of the two-dimensional
system, paying particular attention to the characteristic prop-
erties of various time-correlation functions and their associ-
ated spectra. It is hoped that this work will provide useful
experimental ‘‘fingerprints’’ for strong association in dipolar
fluids.
This paper is organized as follows: In Sec. II we sum-
marize the simulation methods used in this work. In Sec.
III A we study the structure of the dipolar fluid, as repre-
sented by S(q) and the corresponding radial distribution
function g(r). In Sec. III B, we present results for the single-
particle diffusion coefficient and the velocity autocorrelation
function, and assess the impact of chaining on these quanti-
ties. The single-particle rotational motion is studied in Sec.
III C using the single-dipole autocorrelation function, and the
single-particle angular velocity autocorrelation function.
Collective rotational motions as evidenced by the bulk polar-
ization autocorrelation functions are considered briefly in
Sec. III D. Section IV concludes the paper.
II. MOLECULAR DYNAMICS COMPUTER
SIMULATIONS
In all cases MD simulations were performed in the
N-V-E ensemble after equilibration in the N-V-T ensemble
at a temperature T*51.0 ~achieved by translational and an-
gular velocity scaling!. We have used systems of N5961
particles with m51 and I*50.1 throughout. The dipole ori-
entations were represented using quaternions, and the dipolar
interactions were handled using a spherical cutoff at L/2; the
potential was truncated smoothly between 0.93L/2 and L/2
using the switching function due to Andrea et al.30 We justify
our choice of a truncated potential ~as opposed to calculating
full Ewald sums! by reference to a recent study in which a
cut-off rc.5s was found to be sufficient to saturate the
three-dimensional dipole-dipole interactions in two-
dimensional arrays of particles.31 For the system size simu-
lated in this work, the cutoff is rc5L/2>21.92s , the lower
limit corresponding to the highest density (r*50.5) consid-
ered. The equations of motion were integrated using a
velocity-Verlet algorithm for the translational motion, and a
leapfrog algorithm for the rotational motion.32 Simulations
consisted of O(105) time steps after equilibration, one time
step being dt*50.0025. Periodic boundary conditions were
applied. Typical simulation timings on a 1.3 GHz processor
were 0.2 s per MD step. We have performed a series of
N-V-E-MD simulations corresponding to a temperature T*
51.0, and with various dipole moments (m*50, 0.5, 1, 1.5,
2, 2.5, and 2.75! and densities (r*50.05, 0.1, 0.2, 0.3, and
0.5!.
III. RESULTS
A. Structure
Figure 1 shows some snapshots from simulations at the
state points (m*50.5,r*50.05), (m*50.5,r*50.5), (m*
52.75,r*50.05), and (m*52.75,r*50.5). With the low-
est dipole moment (m*50.5) there is very little positional or
orientational order apparent in the snapshots, whereas with
the high dipole moment (m*52.75) the system is almost
completely aggregated over the entire density range consid-
ered in this study (0.05<r*<0.5). In the aggregated re-
gime, the particles are very strongly aligned in linear chains
and rings, with the dipolar orientations adopting the nose-to-
tail conformation. At all densities simulated in this work, the
onset of aggregation occurs at m*.2. This is illustrated in
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Fig. 2 which shows snapshots from simulations at a fixed
density of r*50.2. For dipole moments m*<2 the structure
is quite uniform, although with m*52 there are a few rela-
tively small and loosely clustered chainlike aggregates. Mov-
ing to higher dipole moments, however, results in a dramatic
increase in the degree and extent of particle clustering.
In order to characterize the in-plane ordering of the par-
ticle centers of mass, the radial distribution function g(r)
was calculated in the usual way.32 Some representative re-
sults are shown in Fig. 3 for weakly dipolar (m*50.5) and
strongly dipolar (m*52.75) systems. At m*50.5 the struc-
ture is absolutely typical of a simple liquid, with peaks
emerging at r.1.2s and r.2.6s with increasing density. In
stark contrast, with the highest dipole moment (m*52.75)
and at all densities, g(r) shows pronounced peaks close to
integer values of s. This structure corresponds to chaining of
the dipolar particles with the dipoles aligned ‘‘nose to tail;’’
the peaks shift to lower distances as the dipole moment is
increased because of the strongly attractive interaction for
dipoles in this orientation. To understand the position of the
first peak in g(r), we consider the minimum-energy configu-
ration for pairs of dipoles interacting via the potential given
by Eqs. ~1! and ~2!. This configuration corresponds to the
particles with dipoles parallel and colinear with the interpar-
ticle separation vector, i.e., m1"m25m2, m1"r5m2"r5mr .
The position and depth of the potential minimum are given
by
r0521/3~m*!22/9s ~3!
and
u~r0!52
3
4 ~m*!
8/3e , ~4!
respectively. At m*50.5, the potential minimum occurs at
r051.47s , whereas at m*52.75, r051.01s; these rough
estimates are in accord with the positions of the first peak in
g(r) shown in Fig. 3.
To examine the fluid structure further, we computed the
static structure factor S(q) from the Fourier transform of
h(r)5g(r)21,33
S~q !511E h~r !exp~2iq"r!dr,
5112prE
0
‘
rJ0~qr !h~r !dr , ~5!
where J0(z) is a Bessel function of the first kind. In Fig. 4
we present S(q) for systems with m*50.5 and m*52.75 at
densities in the range 0.05<r*<0.5. In the weakly dipolar
case, S(q) looks absolutely typical for a simple fluid,
whereas with m*52.75 it shows significant complexity. As
FIG. 1. Snapshots showing the positional and orientational ordering of the
particles in systems with dipole moment m* and density r*: ~a! m*50.5,
r*50.05; ~b! m*50.5, r*50.5; ~c! m*52.75, r*50.05; ~d! m*52.75,
r*50.5. The particles are represented by gray spheres with diameter s, and
the dipole orientations are shown as black lines of length 0.5s emanating
from the centers of the spheres.
FIG. 2. Snapshots showing the positional and orientational ordering of the
particles in systems with density r*50.2 and dipole moment m*: ~a! m*
51.5; ~b! m*52; ~c! m*52.5; ~d! m*52.75. The particles are represented
by gray spheres with diameter s, and the dipole orientations are shown as
black lines of length 0.5s emanating from the centers of the spheres.
FIG. 3. Logarithms of the radial distribution functions log10@g(r)# as func-
tions of log10(r/s) from simulations with m*50.5 ~dashed lines! and m*
52.75 ~solid lines!, and at various densities in the range 0.05<r*<0.5.
The curves are displaced by one unit along the ordinate for clarity.
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the dipole moment is increased, the peaks at qs.2.5
5100.40 shift to higher wave vectors, reflecting the decreased
separation between near neighbors in the chains. At m*
52.75 and r*50.05, S(q) exhibits a power-law dependence
on q in the range qs,4.05100.60; a fit to these results in the
range qs,4.0 shows that S(q);q2a with a51.0260.01.
This is in good agreement with the observed scaling of S(q)
for chainlike aggregates in three dimensions (a51),16 con-
firming that this is a reliable signal for aggregation in dipolar
fluids in both two and three dimensions. In general, this kind
of scaling is only apparent with dipole moments m*.2, sug-
gesting that this inequality delineates a boundary between
‘‘dissociated’’ and ‘‘associated’’ regimes. This is in accor-
dance with Fig. 2 and the dynamical evidence presented be-
low. S(q) for the most strongly dipolar and dense system
(m*52.75,r*50.5) exhibits an interesting ‘‘prepeak’’ at
qs.3.45100.54, corresponding to a real-space distance of
about 2p/q.1.8s; this feature is due to the local parallel
ordering of chain segments, as is shown in Fig. 1~d!. To
summarize, at the highest dipole moments the molecular-
scale structure—as characterized by g(r) and S(q)—is remi-
niscent of that observed in three-dimensional dipolar fluids.16
In both two and three dimensions, the fluid at low densities
and temperatures consists of ringlike and chainlike clusters
formed from particles in the nose-to-tail configuration, lead-
ing to an apparent 1/q scaling in the structure factor.
B. Single-particle translational motion
We now turn to the single-particle translational motions
in the dipolar fluid. We have calculated the velocity autocor-
relation function Cv(t) defined by
Cv~ t !5K 1N (i51
N
vi~ t !"vi~0 !L , ~6!
where vi(t) is velocity of particle i at time t and the angled
brackets denote an average over time origins. Some repre-
sentative results are shown in Fig. 5 for systems with dipole
moments m*50.5 and m*52.75. With a low dipole moment
(m*50.5) Cv(t) exhibits a decay typical of simple dilute
fluids. At higher dipole moments, however, there is a signifi-
cant modulation of the curves, and only very small negative
portions at the highest densities. We interpret this as being
another significant indication of particle chaining. Over short
periods of time a tagged particle within a chain can oscillate
about its ‘‘equilibrium’’ position between its two nearest
neighbors, which might be expected to give rise to oscilla-
tory behavior in Cv(t). The chain as whole is also moving,
however, and so any given tagged particle will also have a
‘‘drift’’ velocity which is then modulated by its local motions
within the chain. This scenario seems consistent with the
results for m*52.75 presented in Fig. 5.
It is well known that in simple two-dimensional fluids,
hydrodynamic modes can give rise to a t21 ‘‘long-time tail’’
in Cv(t).33,34 From the Green-Kubo relation
D5
1
2 E0
‘
Cv~ t !dt , ~7!
this long-time tail should lead to a divergent diffusion con-
stant D . Simulation studies of soft-sphere fluids35 have
shown that at high densities (r*.0.9) such hydrodynamic
effects are absent. In the present case, the highly clustered
structures of fluids with high dipole moments might mitigate
against the hydrodynamic backflow that gives rise to the
long-time tail in Cv(t). Although we cannot categorically
rule out the presence of long-time tails, in practice no such
features were apparent in Cv(t) within the statistical noise.
With this in mind, we have calculated estimates of D using
Eq. ~7!, and by computing the mean squared displacement,
DR2~ t !5K 1N (i51
N
uri~ t !2ri~0 !u2L , ~8!
where the angled brackets denote an average over time ori-
gins. In calculating DR2(t) we allow the particles to diffuse
out of the central simulation cell. As far as we could tell from
finite-length simulations, for all of the systems considered in
FIG. 4. Logarithms of the static structure factors log10@S(q)# as functions of
log10(qs) from simulations with m*50.5 ~dashed lines! and m*52.75
~solid lines!, and at various densities in the range 0.05<r*<0.5. The
curves are displaced by one unit along the ordinate for clarity.
FIG. 5. Normalized velocity autocorrelation functions Cv(t)/Cv(0) for sys-
tems with m*50.5 ~dashed lines! and m*52.75 ~solid lines!, and at various
densities in the range 0.05<r*<0.5. The curves for each density are dis-
placed by one unit along the ordinate for clarity.
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this work DR2(t) exhibited an approximately linear
asymptotic dependence on time. If DR2 exhibits a linear de-
pendence on time at long times, then the diffusion constant
D can be defined in two dimensions by the Einstein relation
DR2~ t !54Dt . ~9!
We found that the values for D obtained from Eqs. ~7! and
~9! agreed with one another to within 1%. Although it is
likely that hydrodynamic effects operate in some of the sys-
tems considered in this work, their impact on the measured
values of D appears to be small. Nonetheless, the values of
D obtained here provide some sort of measure of the single-
particle diffusion. In Fig. 6 we plot the reduced diffusion
coefficient, D*5DAm/es2, as a function of density for sys-
tems with dipole moments in the range 0.5<m*<2.75. The
first thing to note is that the diffusion coefficient decreases
with increasing density, as expected. The variation with di-
pole moment at fixed density is more illuminating. For di-
pole moments m*<2, the curves are almost coincident sug-
gesting that the dipolar interactions in this regime have very
little effect on the single-particle motion. For dipole mo-
ments m*>2.5, however, the curves are displaced down-
wards. Essentially the particles become trapped in clusters
for long times with the effect of increasing the time scales
for single-particle diffusion. The onset of strong association
for m*.2 evidenced by these dynamical results is consistent
with that observed in simulation snapshots and the structural
quantities described in Sec. III A. For reference, the values of
the diffusion constant are listed in Table I.
C. Single-particle rotational motion
To investigate the impact of chaining upon single-
particle rotational motion, we have calculated single-dipole
orientation autocorrelation functions defined by
Cm
a~ t !5K 1Nm2 (i51
N
m i
a~ t !m i
a~0 !L , ~10!
where a5x , y , z , and m i
a is the component of the dipole
vector on particle i along the a axis of the laboratory frame.
The function Cm
xy(t)5@Cmx (t)1Cmy (t)# will therefore charac-
terize the rotational motions of dipoles within the plane of
the monolayer, whereas Cm
z (t) will reflect out-of-plane mo-
tions. In Fig. 7 we compare results for two systems at a
density r*50.5 and with dipole moments m*50.5 and m*
52.75. With the lower dipole moment (m*50.5) both in-
plane and out-of-plane functions show damped oscillatory
behavior due to weakly hindered rotations of the dipoles. The
quantities Cm
xy(0)50.67 and Cmz (0)50.33 show that there is
no preferred direction of alignment ~either in plane or out of
plane! for the dipoles at this state point. The weak dipolar
forces are therefore insignificant, and so it is anticipated that
the reorientational angular frequency in this system will be
close to the free-rotor limit, v0*5AT*/I*5A10; this is con-
firmed below. With the higher dipole moment (m*52.75)
the in-plane and out-of-plane functions are very different.
First, the quantities Cm
xy(0)50.966 and Cmz (0)50.034 con-
firm that the dipoles are strongly constrained to lie within the
plane. Second, at this admittedly quite extreme dipole mo-
ment, Cm
xy(t) is seen to decay only very slowly but with a
small oscillatory modulation. This is clearly a consequence
of rapid single-dipole oscillations about the equilibrium
nose-to-tail orientations within the chain, while the chain as
a whole is rotating only very slowly. The separation between
time scales for single-particle and chain rotational motions is
analogous to that observed for single-particle and chain
translations apparent in the velocity autocorrelation functions
discussed in Sec. III B. The out-of-plane function Cm
z (t)
shows a clear damped oscillation about zero. In Table I we
present the values of Cm
z (0) for all of the systems considered
in this work. Cm
z (0) reflects a sharp change in orientational
structure that occurs between m*52 and m*52.5. With
m*<2 the values of Cm
z (0) are only weakly dependent on
density, and for the most part are in close agreement with the
value for random dipolar orientations @Cm
z (0)51/3# . With
m*52.5 and m*52.75 the values of Cmz (0) are very much
smaller, reflecting the preferential alignment of dipoles
within the plane.
In principle, the time scales for oscillatory orientational
motions within the plane and perpendicular to the plane may
differ as a result of interchain forces. However, even at the
highest density (r*50.5) the mean separation between the
chains is significant @see Fig. 1~d!# which suggests that
Cm
xy(t) and Cmz (t) will exhibit similar periods of oscillation.
To this end, we have examined the Fourier transforms of
Cm
xy(t) and Cmz (t). Clearly the decay time of Cmxy(t) for the
system with m*52.75 and r*50.5—as shown in Fig. 7—is
very much longer than the duration of the simulation, pre-
cluding an accurate calculation of its Fourier transform.
Nonetheless, if we use a windowing function, the high-
frequency oscillation should still give rise to some sort of
peak in the Fourier transform. This extreme truncation will
give rise to pathological low-frequency features in the spec-
trum, but the high-frequency region—where we expect the
single-dipole oscillations to manifest themselves—should
emerge relatively unscathed. Obviously, calculation of the
the Fourier transform of Cm
z (t) presents no such problems,
FIG. 6. Reduced diffusion coefficient ~see text! as a function of density r*
at various dipole moments: m*50 ~circles!; m*50.5 ~squares!; m*51
~diamonds!; m*51.5 ~up triangles!; m*52 ~left triangles!; m*52.5 ~down
triangles!; m*52.75 ~right triangles!. The solid lines are cubic spline fits to
guide the eye. Note that the curves for 0<m*<2 are almost coincident.
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but nonetheless we have applied a Blackman windowing
function throughout.32 For the system with m*52.75 and
r*50.5 we find peaks in the Fourier transforms of both
Cm
xy(t) and Cmz (t) at a characteristic reduced angular fre-
quency of v0*514.3. The conclusion is that even at this high
density and dipole moment—at which interchain interactions
might be significant—the estimates of reorientational time
scales extracted from Cm
xy(t) and Cmz (t) are essentially the
same. In the following we therefore concentrate on Cm
z (t)
since it is easier to calculate Fourier transforms reliably.36 To
assist in comparisons, we present the function
xm
z ~v!5
1
2pCm
z ~0 ! E2‘
‘
Cm
z ~ t !exp~2ivt !dt , ~11!
which is simply the Fourier transform of Cm
z (t) normalized
to unit area. Figure 8 shows xm
z (v) for systems at a density
FIG. 7. Single-dipole autocorrelation functions Cmxy(t)5@Cmx (t)1Cmy (t)#
and Cmz (t) for systems at a density of r*50.5, and with dipole moments
m*50.5 ~dashed lines! and m*52.75 ~solid lines!.
TABLE I. Dynamical properties of the quasi-two-dimensional dipolar fluid: reduced translational diffusion
constant D*5DAm/es2; reduced rotational diffusion constant DR*5DRAms2/e; single-dipole orientation
autocorrelation function at t50, Cmz (0); autocorrelation functions at t50 for the in-plane polarization, CPxy(0),
and the out-of-plane polarization, CPz (0); reduced characteristic angular frequencies v0* for single-particle
rotational motion estimated from the Fourier transforms of Cmz (t) and CV(t), and from the approximate
theoretical expression in Eq. ~15!.
m* r* D* DR* Cm
z (0) CPxy(0) CPz (0)
v0*
From Cm
z (t) From CV(t) Eq. ~15!
0.5 0.05 5.1 0.33 0.67 0.32 3.6 1.9
0.1 2.3 0.34 0.67 0.33 3.5 1.9
0.2 1.1 0.33 0.71 0.30 3.6 1.9
0.3 0.69 0.34 0.72 0.30 3.5 1.9
0.5 0.29 0.33 0.74 0.26 3.5 1.9
1 0.05 4.8 0.33 0.68 0.30 3.6 4.9
0.1 2.4 0.33 0.71 0.27 3.6 4.9
0.2 1.1 0.33 0.83 0.21 3.7 4.9
0.3 0.66 0.32 0.97 0.21 3.8 4.9
0.5 0.34 0.31 1.3 0.17 4.2 4.9
1.5 0.05 4.9 133 0.33 0.71 0.26 3.7 8.4
0.1 2.3 56 0.32 0.85 0.22 3.9 8.4
0.2 1.1 27 0.30 1.1 0.16 4.2 8.4
0.3 0.71 13 0.28 1.4 0.14 4.5 8.4
0.5 0.31 5.2 0.23 2.1 0.082 5.2 8.4
2 0.05 4.9 58 0.29 0.95 0.20 4.0 12.4
0.1 2.2 21 0.25 1.4 0.17 4.7 12.4
0.2 1.0 6.9 0.20 2.2 0.10 5.5 6.4 12.4
0.3 0.63 3.4 0.17 2.3 0.067 6.4 7.7 12.4
0.5 0.30 1.4 0.13 2.8 0.049 7.6 8.3 12.4
2.5 0.05 2.3 18 0.082 6.7 0.055 10.3 12.2 16.6
0.1 0.93 4.8 0.068 11 0.043 12.4 12.2 16.6
0.2 0.47 1.3 0.057 8.5 0.034 12.7 12.3 16.6
0.3 0.31 0.74 0.057 2.2 0.028 12.5 12.4 16.6
0.5 0.13 0.34 0.052 3.3 0.022 12.7 12.4 16.6
2.75 0.05 0.78 1.9 0.035 11 0.023 14.0 14.2 18.9
0.1 0.48 0.83 0.036 15 0.021 14.3 14.3 18.9
0.2 0.33 0.34 0.035 111 0.023 14.6 14.3 18.9
0.3 0.21 0.22 0.035 250 0.019 14.6 14.3 18.9
0.5 0.079 0.19 0.034 280 0.016 14.3 14.5 18.9
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r*50.5 and dipole moments in the range 0.5<m*<2.75. At
the lowest dipole moment (m*50.5) the peak in xmz (v) is
centered at approximately v0*53.5, which is close to the
free-rotor limit v0*5AT*/I*.3.16. The position of this pri-
mary peak in xm
z (v) shifts to higher frequency with increas-
ing dipole moment, reflecting stronger interactions and the
presence of chaining which contrive to align dipoles in a
‘‘head-to-tail’’ conformation with their nearest neighbors. It
is also clear that with increasing dipole moment a pro-
nounced high-frequency shoulder develops. We speculate
that this feature is due to coupling between single-dipole
orientational motions and collective rotational motions. We
return to this point briefly in Sec. III D, but first we report the
positions of the primary peaks in xm
z (v). We have fitted
single Lorentzian functions to the spectra in the vicinity of
the peaks to extract estimates of the peak positions; the re-
sults are shown in Table I. We note that at the highest dipole
moments (m*52.5 and m*52.75) v0 is almost independent
of density, reflecting the fact that chains are present over the
whole density range considered, and that interchain interac-
tions ~which would be more significant at higher densities!
are actually very weak. Given this observation, we provide
simple theoretical estimates of the variation of v0 with di-
pole moment in the high-dipole-moment regime.
In the highly-chained regime it is reasonable to think of
the rotational motion of a single dipole in a cluster as being
quasiharmonic in that its orientation oscillates about its equi-
librium position within the chain. Consider a tagged dipolar
sphere as part of a perfectly straight chain oriented along the
laboratory x axis in which all of the dipole moments ~except
the tagged dipole moment! are constrained parallel with the x
axis. The equilibrium nearest-neighbor separation is r0 @Eq.
~3!#, and for simplicity we consider the motion of the tagged
dipole in the xy plane; as shown above, it does not matter in
which plane we consider the motion because the effects of
interchain interactions are weak. If the tagged dipole is given
by m(t)5m@cos g(t),sing(t),0#—where g is the angle sub-
tended by the dipole moment and the x axis—then the result-
ing torque due to the rest of the dipoles is oriented along the
z axis and has magnitude
2 (
n51
‘ F2 2m2sin g~nr0!3 G52 4m
2z~3 !
r0
3 sin g , ~12!
where z(3).1.202 is the Riemann z function. For high di-
pole moments the deviation from perfect alignment will be
small, and hence sin g’g. In this limit the equation of mo-
tion is g¨52v0
2g where v0 is given by
v05A4m2z~3 !Ir03 . ~13!
The equation of motion yields an oscillatory solution g(t)
5g(0)cos v0t1(g˙(0)/v0)sin v0t. The orientation autocorre-
lation function in the absence of damping ~friction! is there-
fore proportional to
^m~ t !m~0 !&}12^g2&1^g2&cos v0t ~14!
and even with damping through rotational friction a peak
should be apparent in the Fourier transform at an angular
frequency given by Eq. ~13!. In Table I, a comparison is
made between the peak positions obtained from simulations,
and the result of combining Eqs. ~3! and ~13! which yields,
in reduced units,
v0*5A2~m*!
8/3z~3 !
I* . ~15!
By construction Eq. ~15! is consistent with the observation
that v0* is roughly independent of density at the highest di-
pole moments, but it overestimates the simulation results for
systems with the highest dipole moments—m*52.5 and
m*52.75—by about 30%. It is easy to understand why Eq.
~15! yields an overestimate: this approximation is based on a
perfectly linear rigid chain, with no account taken of thermal
fluctuations in the shape and extent of the chain. These ef-
fects will reduce in magnitude the average field experienced
by—and hence the ‘‘vibrational’’ frequency of—any given
dipole within the chain.
We have measured the single-particle autocorrelation
function of the angular velocity V given by
CV~ t !5K 1N (i51
N
Vi~ t !Vi~0 !L , ~16!
and performed a similar analysis to that carried out on Cm
a(t)
above. As defined, CV(0)52kBT/I . Unsurprisingly we find
the same general behavior as with Cm
a(t), including the
shapes and positions of the peaks in the Fourier transforms;
for completeness, in Table I we have included estimates of
v0* obtained from these peak positions. The estimates of v0*
obtained from CV(t) and Cmz (t) are consistent, as expected.
In Fig. 9 we show some examples of CV(t) from simulations
at a density of r*50.5 and dipole moments in the range
0.5<m*<2.75. With low dipole moments (m*<1) the re-
laxation of this function occurs very slowly, and at long
times monotonically, reflecting the lack of strong interpar-
ticle interactions. With increasing dipole moment CV(t) de-
velops oscillations which can be identified with the quasihar-
monic motion described above.
From CV(t) we have calculated the rotational diffusion
constant DR given by33
FIG. 8. Normalized Fourier transform of the z component of the single-
dipole autocorrelation function xmz (v) for systems at a density of r*
50.5, and with dipole moments in the range 0.5<m*<2.75.
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DR5
1
2 E
0
‘
CV~ t !dt . ~17!
Some results are shown in Table I. The calculation of DR
was not possible at low dipole moments and low densities
due to the very long decay of CV(t) ~see Fig. 9!. For a given
dipole moment, DR decreases with increasing concentration;
at high dipole moments this trend probably reflects an in-
creased restriction of chain motions, as well as the quasihar-
monic motions of single dipoles. For a given density DR
decreases with increasing dipole moment obviously due to
increased aggregation.
D. Collective rotational motion
The problems encountered above with performing the
Fourier transforms of single-dipole orientation autocorrela-
tion functions are exacerbated when we turn to the analysis
of the collective rotational motion. For exactly the same rea-
sons as noted in Sec. III C, we will concentrate primarily on
the autocorrelation function of the z component of the bulk
polarization, rather than the x and y components. The bulk
polarization is given by
P~ t !5(
i51
N
mi~ t !. ~18!
We define an autocorrelation function of its a component by
CP
a~ t !5
^Pa~ t !Pa~0 !&
Nm2 . ~19!
The function characterizing the in-plane polarization is
CP
xy(t)5@CPx (t)1CPy (t)# . At high dipole moments this func-
tion decays extremely slowly, with a decay time orders of
magnitude larger than the length of our simulations; in some
cases it hardly varies at all over simulation runs of O(105)
MD time steps. This situation appears analogous to the pre-
dicted increase of the Debye relaxation time in three-
dimensional dipolar fluids as the dipole moment is
increased.37 A full analysis of CP
xy(t) is impractical, although
the values of these functions at t50 provide some measure
of the in-plane susceptibility, this being proportional to
^Px
21Py
2&. Values of CP
xy(0) are presented in Table I; these
results show that the in-plane susceptibility increases mark-
edly with increasing dipole moment @note that the trivial fac-
tor of m2 in the susceptibility is canceled in Eq. ~19!#. This is
due to the presence of long, almost linear segments within
the chains which would be easily polarized with the applica-
tion of an external field.
The autocorrelation function of the z component of the
bulk polarization yields more information. For the purposes
of illustration, we show CP
z (t)/CPz (0) in Fig. 10 for two
systems at a density r*50.5, and with dipole moments m*
50.5 and m*52.75. CPz (t) exhibits damped oscillatory
behavior in both cases, but clearly at high dipole moments
the oscillation is of higher frequency and far less damped;
crudely fitting a function of the form CP
z (t)
}exp(2t/t)cos v0t in the range 0<t*<10 yields t.0.5 and
v0.5 for m*50.5, and t.3 and v0.25 for m*52.75.
The value of CP
z (0) is proportional to the out-of-plane sus-
ceptibility and is shown in Table I. The results show that the
out-of-plane susceptibility decreases with increasing dipole
moment due to the preferred in-plane orientations of the di-
poles.
We now turn to the Fourier transform of CP
z (t), which
for the purposes of comparison is defined as a normalized
quantity, i.e.,
xP
z ~v!5
1
2pCP
z ~0 ! E2‘
‘
CP
z ~ t !exp~2ivt !dt . ~20!
Figure 11 shows xP
z (v) for systems with density r*50.5
and dipole moments in the range 1.5<m*<2.75; results for
lower dipole moments are omitted for clarity as they consist
of increasingly broad and noisy peaks. As in the case of
single-particle rotational motion, the characteristic frequency
increases with increasing dipole moment. For the systems
with m*52.5 and m*52.75, the peaks in xPz (v) are very
sharp and well defined. In both cases, the positions of these
peaks coincide with the high-frequency edge of the shoulder
FIG. 9. Normalized angular velocity autocorrelation functions
CV(t)/CV(0) for systems at r*50.5 with various dipole moments in the
range 0.5<m*<2.75. The curves for each dipole moment are displaced by
one unit along the ordinate for clarity.
FIG. 10. Normalized autocorrelation function of the z component of the
bulk polarization CPz (t)/CPz (0) for systems at a density r*50.5 and dipole
moments m*50.5 ~top! and m*52.75 ~bottom!. The curves are displaced
by one unit along the ordinate for clarity.
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in the corresponding single-particle functions, xm
z (v). We
suggest that this is a signal of some sort of coupling between
single-particle and collective motions which give rise to the
high-frequency shoulder in xm
z (v).
It is reasonable to suggest that long-range dipolar forces
can lead to collective orientational motions within chains
over considerable length scales. A full examination of these
properties will require the calculation of space- and time-
dependent correlation functions,37 like ^P(q,t)"P(2q,0)&,
where P(q,t)5( j51N mj(t)exp@2iq"rj(t)# is a Fourier com-
ponent of the bulk polarization. In the case of strongly
chained systems at high dipole moments, this could lead to
the identification of excitations analogous to spin waves in
solid magnetic materials. In Refs. 37 and 38 relationships are
derived between the single-particle relaxation time, t
51/2DR , associated with the decay of ^mi(t)"mi(0)&, and
the Debye relaxation time tD associated with the decay of
^P(t)"P(0)&. In Ref. 38, for instance, the results are based on
a micro-macro theorem stating that if the single-dipole cor-
relation function can be expressed as a sum of decaying ex-
ponentials, then so can the bulk polarization correlation func-
tion. It is not clear whether such theories can be applied
successfully to the very high dipole moment regime where
the correlation functions are highly oscillatory; in the current
work we have been concerned with oscillation frequencies in
the correlation functions, not the decay times. To study the
latter, accessing the relevant time scales will require much
longer simulations than those conducted here, particularly
for the in-plane motions.
IV. CONCLUSIONS
In this work, MD simulations have been used to study a
simple model of fluid monolayers comprising spherical dipo-
lar particles. Experimental realizations of these systems in-
clude colloidal ferrofluids and other magnetic liquids. The
emphasis of this study has been on the effects of strong di-
polar interactions on structure, and translational and orienta-
tional dynamics; these interactions favor the formation of
chainlike aggregates, which profoundly affect the observable
properties of the bulk material.
The signature of chaining on the structure factor has
been examined, leading to the identification of power-law
scaling at low wave vectors, analogous to that observed in
simulations of three-dimensional dipolar fluids. This should
provide a very clear fingerprint of chainlike aggregates
which should be accessible in scattering experiments.
Dramatic effects of aggregation on the diffusion constant
and the velocity autocorrelation function have been demon-
strated. With weak dipolar interactions these quantities are
absolutely typical for a simple two-dimensional ‘‘atomic’’
fluid. At high dipole moments, however, the chainlike aggre-
gates lead to a discrimination between local ‘‘intracluster’’
motions and motions of clusters as integral units. The effect
of the coupling between single-particle and collective mo-
tions is clearly visible in the velocity autocorrelation func-
tion. Unsurprisingly, aggregation is accompanied by a sharp
drop in the single-particle diffusion coefficient, reflecting the
fact that individual particles are strongly constrained by their
nearest neighbors within the chain.
The orientational motion has been examined, and char-
acteristic frequencies have been identified with particular
types of motions. The characteristic frequencies for single-
particle orientational motion have been determined from the
Fourier transforms of the appropriate autocorrelation func-
tions. At low dipole moments, the characteristic rotational
frequency is close to the free-rotor limit. At high dipole mo-
ments this frequency is dictated by quasiharmonic oscilla-
tions of single-dipole orientations about the equilibrium ori-
entations within chains, and hence the frequency increases
with increasing dipole moment. In general, the characteristic
frequencies are independent of density which implies that the
interactions between neighboring chains are weak; moreover,
we did not detect any distinction between the time scales for
in-plane and out-of-plane rotational motions. A simple analy-
sis of the effective field experienced by a tagged dipolar
particle yields estimates of the characteristic frequencies ac-
curate to within about 30% at high dipole moments. The
Fourier transforms of the single-dipole orientation autocorre-
lation functions develop high-frequency shoulders with in-
creasing dipole moment, which we suggest are due to the
coupling between single-particle and collective motions. We
have made a brief investigation of the collective rotational
motions, the results of which are consistent with this hypoth-
esis.
Further work is required, particularly in calculating
space- and time-dependent correlation functions, and in mak-
ing a detailed connection between single-particle and collec-
tive orientational motions. In addition, simulations of the ag-
gregation kinetics in strongly polar fluids could shed light on
the different time scales observed in recent experiments.28
This might best be achieved through the application of com-
putational methods devised for the study of energy
landscapes.39 These will be the topics of future studies.
FIG. 11. Normalized Fourier transforms of the z component of the bulk
polarization autocorrelation function xP
z (v) for systems at a density of r*
50.5, and with dipole moments in the range 1.5<m*<2.75. From left to
right: m*51.5 ~short-dashed line!; m*52 ~long-dashed line!; m*52.5
~dot-dashed line!; m*52.75 ~solid line!.
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